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In this paper, we first propose the right and the left fuzzy Riemann–Liouville integrals;
then the related left and right fuzzy Caputo differentiabilities are introduced. Consequently,
some useful results about integration and differentiation of fractional order under
uncertainty have been obtained.Moreover, some equivalent integral forms of original fuzzy
fractional differential equations are derived. Finally, the fuzzy Ostrowski inequality about
fractional case has been stated.
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1. Introduction
Recently, investigating problems in the fractional cases under certain and uncertain conditions have been considered
widely [1–4]. Arshad et al. [5] have proposed the fuzzy version of Riemann–Liouville fractional differentiability and then
some existence and unique results have been obtained. In the general case for differentiability, Salahshour et al. [6] have
proposed the Riemann–Liouville differentiability for four cases and they are applied to solve fuzzy fractional differentiability
using fuzzy Laplace transforms.
Ostrowski have proved the following important inequality [7]:
Theorem 1.1. Let f : [a, b] → R be continuous on [a, b] and differentiable on (a, b)whose derivative f ′ : (a, b)→ R is bounded
on (a, b). i.e, ∥f ′∥∞ = supt∈(a,b) | f ′(t) |<∞. Then 1b− a
 b
a
f (t)dt − f (x)
 ≤

1
4
+

x− a+b2
2
(b− a)2

(b− a)∥f ′∥∞
for any x ∈ [a, b]
The constant 14 is the best possible in the sense that it cannot be replaced by a smaller constant. Since then there has been a
lot of activity around these inequalities with important applications to numerical analysis and probability.
One of themost notableworks extending theOstrowski inequality is thework of Fink [8]. It was continued byAnastassiou
[9]. Fedotov proved the generalization of the Ostrowski type inequality [10] and Dragomir et al. established some results on
the weighted version of the Ostrowski inequality for Hölder type mappings [11].
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These inequalities applied for Euler’s Beta mapping and special means such as the arithmetic mean, the geometric mean,
the harmonic mean and so on [12]. In [13] the author have applied this inequality to Numerical Integration obtaining
estimations for the error bounds of general Riemann’s quadrature formulae in terms of ∥f ′∥1.
In this paper, we propose fuzzy Caputo derivative based on the generalized differentiability. To this end, somenew results
have been obtained. All these results are used to prove the Ostrowski inequality.
This paper is organized as follows. In Section 2, we recall some basic concepts. In Section 3, the Fuzzy Fractional Caputo
derivative is introduced and some of its properties are considered. The Fuzzy Ostrowski inequality is proved in Section 4.
Finally, conclusion is drawn in Section 5.
2. Basic concepts
The basic definition of fuzzy numbers is given in [14].
We denote the set of all real numbers by R and the set of all fuzzy numbers on R is indicated by RF . A fuzzy number is a
mapping u : R → [0, 1]with the following properties:
(a) u is upper semi-continuous,
(b) u is fuzzy convex, i.e., u(λx+ (1− λ)y) ≥ min{u(x), u(y)} for all x, y ∈ R, λ ∈ [0, 1],
(c) u is normal, i.e.,∃x0 ∈ R for which u(x0) = 1,
(d) supp u = {x ∈ R | u(x) > 0} is the support of the u, and its closure cl(supp u) is compact.
For u, v ∈ RF and λ ∈ R, we define uniquely the sum u⊕ v and the product λ⊙ u by
[u⊕ v]r = [u]r + [v]r , [λ⊙ u]r = λ[u]r , ∀r ∈ [0, 1],
where [u]r + [v]r means the usual addition of two integrals (as subsets of R) and λ[u]r means the usual product between a
scalar and a subset of R.
Notice 1 ⊙ u = u and it holds u ⊕ v = v ⊕ u, λ ⊙ u = u ⊙ λ. If 0 ≤ r1 ≤ r2 ≤ 1 then [u]r2 ⊆ [u]r1 . Actually
[u]r = [u(r)− , u(r)+ ], where u(r)− ≤ u(r)+ , u(r)− , u(r)+ ∈ R,∀r ∈ [0, 1]. For λ > 0 one has λu(r)± = (λ⊙ u)(r)± , respectively.
Define D : RF × RF −→ R+ by
D(u, v) := sup
r∈[0,1]
max{|u(r)− − v(r)− |, |u(r)+ − v(r)+ |}, (1)
where
[v]r = [v(r)− , v(r)+ ], u, v ∈ RF . (2)
We have that D is a metric on RF . Then (RF ,D) is a complete metric space.
Here
∗ stands for fuzzy summation and 0˜ : χ{0} ∈ RF is the neutral element with respect to ⊕, i.e., u ⊕ 0˜ = 0˜ ⊕
u = u,∀u ∈ RF denote
D∗(f , g) := sup
x∈[a,b]
D(f , g), (3)
where f , g : [a, b] → RF .
Let f : [a, b] ⊆ R → RF , we define the (first) fuzzy modulus of continuity of f by
w
(F)
1 (f , δ) = sup
x,y∈[a,b],|x−y|≤δ
D(f (x), f (y)), δ > 0. (4)
We define CUF ([a, b]) the space of uniformly continuous functions from [a, b] → RF , also CF ([a, b]) the space of fuzzy
continuous functions on [a, b]. It is clear that CUF ([a, b]) = CF ([a, b]).
Let f ∈ CUF ([a, b]). Thenw(F)1 (f , δ) <∞, any δ > 0. It holds
lim
δ→0w
(F)
1 (f , δ) = w(F)1 (f , 0) = 0 (5)
iff f ∈ CUF ([a, b]). Here [f ]r = [f (r)− , f (r)+ ], r ∈ [0, 1]. If f ∈ CF ([a, b]) then f (r)± ∈ C([a, b]), for r ∈ [0, 1], in fact these are
equicontinuous families, respectively in±. Furthermore f is a fuzzy bounded function.
We need Let x, y ∈ RF . If there exists z ∈ RF : x = y⊕ z, then we call z the H-difference on x and y, denoted x⊖ y.
Let f : [a, b] → RF . We say that f is fuzzy Riemann integrable to I ∈ RF if for any ϵ > 0, there exists δ > 0 such that for
any division P = {[u, v]; ξ} of [a, b]with the norms∆(P) < δ, we have
D
 ∗
P
(v − u)⊙ f (ξ), I

< ϵ (6)
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we write
I := (FR)
 b
a
f (x)dx. (7)
Let f : [a, b] → RF be fuzzy continuous. Then (FR)
 b
a f (x)dx exists and belongs to RF , furthermore it holds
(FR)
 b
a f (x)dx
r =  ba (f )(r)− (x)dx, (f )(r)+ (x)dx , ∀r ∈ [0, 1].
Let f ∈ CF ([a, b]) and c ∈ [a, b]. Then (FR)
 b
a f (x)dx = (FR)
 c
a f (x)dx+ (FR)
 b
c f (x)dx.
Let f , g ∈ CF ([a, b]) and c1, c2 ∈ [a, b]. Then (FR)
 b
a (c1f (x) + c2g(x))dx = c1(FR)
 b
a f (x)dx + c2(FR)
 b
a g(x)dx. Also, if
f , g : [a, b] ⊆ R → RF are fuzzy continuous functions, then the function F : [a, b] → R+ defined by F(x) := D(f (x), g(x))
is continuous on [a, b], and
D((FR)
 b
a
f (x)dx, (FR)
 b
a
g(x)dx) ≤
 b
a
D(f (x), g(x))dx. (8)
For the definition of general fuzzy integral Let (Ω,Σ, µ) be a complete σ -finite measure space. We call F : Ω → RF
measurable iff ∀ closed B ⊆ R the function F−1(B) : Ω → [0, 1] defined by
F−1(B)(w) := sup
x∈B
F(w)(x), allw ∈ Ω
is measurable. For F : Ω → RF ,
F(w) =

F (r)− (w), F
(r)
+ (w)

| 0 ≤ r ≤ 1

.
The following are equivalent
(1) F is measurable
(2) ∀r ∈ [0, 1], F (r)− , F (r)+ are measurable.
Following, given that for each r ∈ [0, 1], F (r)− , F (r)+ are integrable we have that the parameterized representation
A
F (r)− dµ,

A
F (r)+ dµ

| 0 ≤ r ≤ 1

, (9)
is a fuzzy real number for each A ∈ Σ . A measurable function F : Ω → RF ,
F(w) =

F (r)− (w), F
(r)
+ (w)

| 0 ≤ r ≤ 1

,
is integrable if for eachr ∈ [0, 1], F± are integrable, or equivalently, if F±are integrable. In this case, the fuzzy integral of F
over A ∈ Σ is defined by
A
Fdµ =

A
F (r)− dµ,

A
F (r)+ dµ

| 0 ≤ r ≤ 1

. (10)
F is integrable iffw→ ∥F(w)∥F is real-valued integrable. Here denote
∥u∥F := D(u, 0˜), ∀u ∈ RF . (11)
We need also Let F ,G : Ω → RF be integrable. Then (1) Let a, b ∈ R, thenaF + bGis integrable and for each A ∈ Σ ,
A
(aF + bG) dµ = a

A
Fdµ+ b

A
Gdµ. (12)
(2) D(F ,G) is a real-valued integrable function and for each A ∈ Σ ,
D

A
Fdµ,

A
Gdµ

≤

A
D(F ,G)dµ. (13)
In particular,
A
Fdµ

F
≤

A
∥F∥Fdµ. (14)
Above µ could be the Lebesgue measure, with all the basic properties valid here too. Basically here we have
A
Fdµ
r
=

A
F (r)− dµ,

A
F (r)+ dµ

, (15)
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that is,
A
Fdµ
(r)
±
=

A
F (r)± dµ, ∀r ∈ [0, 1], (16)
respectively.
Definition 2.1 ([15]). Let T := [x0, x0 + β] ⊂ R, with β > 0. A function f : T → RF is generalized differentiable at x ∈ T if
there exists an f ′(x) ∈ RF such that the limits (with respect to D)
(i) lim
h→0+
f (x+ h)⊖ f (x)
h
= lim
h→0+
f (x)⊖ f (x− h)
h
= f ′(x),
or
(ii) lim
h→0+
f (x)⊖ f (x+ h)
−h = limh→0+
f (x− h)⊖ f (x)
−h = f
′(x),
or
(iii) lim
h→0+
f (x+ h)⊖ f (x)
h
= lim
h→0+
f (x− h)⊖ f (x)
−h = f
′(x),
or
(iv) lim
h→0+
f (x)⊖ f (x+ h)
−h = limh→0+
f (x)⊖ f (x− h)
h
= f ′(x).
Let f ∈ CF ([a, b]), 0 < ν < 1.We define the Fuzzy Fractional left Riemann–Liouville operator as
Iνa+f (x) =
1
Γ (ν)
⊙
 x
a
(x− t)ν−1 ⊙ f (t)dt, x ∈ [a, b]. (17)
Also, we define the fuzzy fractional right Riemann–Liouville operator as
Iνb−f (x) =
1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ f (t)dt, x ∈ [a, b]. (18)
Above, Γ is the gamma function
Γ (ν) =
 ∞
0
e−t tν−1dt. (19)
3. Fuzzy fractional Caputo differentiability
In this section, we introduce a definition of fuzzy fractional Caputo derivative and fuzzy fractional Caputo Taylor formula.
Definition 3.1. Let f ∈ CF [a, b] ∩ LF [a, b], f ′ is integrable, then the right fuzzy Caputo derivative of f for 0 < ν < 1 and
x ∈ [a, b], denoted by Dνa+ f (x) ∈ RF and defined by
Dνa+ f (x) =
1
Γ (1− ν) ⊙
 x
a
(x− t)−ν ⊙ f ′(t)dt.
Theorem 3.1. Let f ∈ CF [a, b] ∩ LF [a, b] and 0 < ν < 1. Then:
(i) let f be (i)-differentiable then we have [(i)− ν]-differentiable right fuzzy Caputo derivative and
Dνa+ f

(x, r) = Dνa+ f− (x, r), Dνa+ f+ (x, r) , 0 ≤ r ≤ 1.
(ii) let f be (ii)-differentiable then we have [(ii)− ν]-differentiable right fuzzy Caputo derivative and
Dνa+ f

(x, r) = Dνa+ f+ (x, r), Dνa+ f− (x, r) , 0 ≤ r ≤ 1.
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Proof. For case (i) we have f (x) = [f (x)−, f (x)+] and f ′(x) = [(f−)′, (f+)′] so :
Dνa+ f (x) =
1
Γ (1− ν) ⊙
 x
a
(x− t)−ν ⊙ f ′(t)dt
:=

1
Γ (1− ν)
 x
a
(x− t)−ν(f ′)(r)− (t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f ′)(r)+ (t)dt

|0 ≤ r ≤ 1

=

1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)− )′(t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)+ )′(t)dt

|0 ≤ r ≤ 1

so, we obtain
[Dνa+ f (x)]r =

1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)− )′(t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)+ )′(t)dt

, 0 ≤ r ≤ 1
for case (ii) we have f (x) = [f (x)−, f (x)+] and f ′(x) = [(f+)′, (f−)′] so :
Dνa+ f (x) =
1
Γ (1− ν) ⊙
 x
a
(x− t)−ν ⊙ f ′(t)dt
:=

1
Γ (1− ν)
 x
a
(x− t)−ν(f ′)(r)− (t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f ′)(r)+ (t)dt

|0 ≤ r ≤ 1

=

1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)+ )′(t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)− )′(t)dt

|0 ≤ r ≤ 1

so, we obtain
[Dνa+ f (x)]r =

1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)+ )′(t)dt, 1
Γ (1− ν)
 x
a
(x− t)−ν(f (r)− )′(t)dt

, 0 ≤ r ≤ 1. 
Theorem 3.2. Let f ∈ CF [a, b] ∩ LF [a, b] and 0 < ν < 1

Dνa+ f

is fuzzy continuous in x ∈ [a, b].
Proof. [14]. 
Theorem 3.3. If f ∈ CF [a, b] ∩ LF [a, b], 0 < p < 1 and 0 < q < 1, then we have
Ipa+I
q
a+f = Ip+qa+ f .
Theorem 3.4. If f ∈ CF [a, b] ∩ LF [a, b] and 0 < ν < 1, then we have
Dνa+I
ν
a+f (x) = f (x)− f (a).
Proof. Obviously Dνa+f (x) = I1−νa+ f ′(x) so we have Dνa+Iνa+f (x) = I1−νa+ Iνa+f ′(x) = I1a+f ′(x) = f (x)− f (a). 
Theorem 3.5. If f ∈ CF [a, b] ∩ LF [a, b] and 0 < ν < 1, then we have
Iνa+D
ν
a+f (x) = f (x)− f (a).
Theorem 3.6. Let f ∈ CF [a, b] ∩ LF [a, b], 0 < ν < 1, a ≤ x ≤ b, if Dνa+f (x) exist and Lebesgue integrable, then we state the
equivalent integral form of original fuzzy fractional differential equation Dνa+f (x) = g(x, f (x))with initial condition f0 = f (a) as
(i) if f is [(i)− ν]-differentiable fuzzy-valued function, then
f (x) = f (a)⊕ 1
Γ (ν)
⊙
 x
a
(x− t)ν−1 ⊙ (Dνa+ f )(t)dt
(ii) if f is [(ii)− ν]-differentiable fuzzy-valued function, then
f (x) = f (a)⊖ (−1)
Γ (ν)
⊙
 x
a
(x− t)ν−1 ⊙ (Dνa+ f )(t)dt
provided that the H-difference exists.
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Proof. (i). Equivalent integral form of original fuzzy fractional differential equation is obvious from Theorem 3.5. Since
f (r)− (x) = f (r)− (a)+ 1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)− )(t)dt,
f (r)+ (x) = f (r)+ (a)+ 1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)+ )(t)dt
we have for 0 ≤ r ≤ 1
[f (x)](r) =

f (r)− (x), f
(r)
+ (x)

=

f (r)− (a)+ 1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)− )(t)dt, f (r)+ (a)+
1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)+ )(t)dt

,
=

f (r)− (a), f
(r)
+ (a)

+ 1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)− )(t)dt,
 x
a
(x− t)ν−1Dνa+(f (r)+ )(t)dt

.
Thus,
[f (x)](r) = [f (a)](r) + 1
Γ (ν)
 x
a
(x− t)ν−1 ⊙ (Dνa+ f )(t)dt
(r)
.
So,
[f (x)](r) =

f (a)⊕ 1
Γ (ν)
 x
a
(x− t)ν−1 ⊙ (Dνa+ f )(t)dt
(r)
.
(ii). We have
f (a)⊖ (−1)
Γ (ν)
 x
a
(x− t)ν−1 ⊙ (Dνa+ f )(t)dt
(r)
=

f (r)− (a), f
(r)
+ (a)

⊖

1
Γ (ν)
 x
a
(x− t)ν−1(−Dνa+(f (r)− ))(t)dt,
(1)
Γ (ν)
 x
a
(x− t)ν−1(−Dνa+(f (r)+ ))(t)dt

=

f (r)− (a)+ 1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)− )(t)dt, f (r)+ (a)+
1
Γ (ν)
 x
a
(x− t)ν−1Dνa+(f (r)+ )(t)dt

=

f (r)− (x), f
(r)
+ (x)

,
which completes the proof. 
Definition 3.2. Let f ∈ CF [a, b] ∩ LF [a, b], f ′ is integrable, then the left fuzzy Caputo derivative of f for 0 < ν < 1 and
x ∈ [a, b], denoted by Dνb− f (x) ∈ RF and defined by
Dνb− f (x) =
(−1)
Γ (1− ν) ⊙
 b
x
(t − x)−ν ⊙ f ′(t)dt. (20)
Now, we state an efficient result.
Theorem 3.7. Let f ∈ CF [a, b] ∩ LF [a, b], 0 < ν < 1, a ≤ x ≤ b.
(i) let f be (ii)-differentiable then we have [(i)− ν]-differentiable left fuzzy Caputo derivative and
(Dνb− f )(x, r) = [(Dνb− f−)(x, r), (Dνb− f+)(x, r)], 0 ≤ r ≤ 1 (21)
(ii) let f be (i)-differentiable then we have [(ii)− ν]-differentiable left fuzzy Caputo derivative and
(Dνb− f )(x, r) = [(Dνb− f+)(x, r), (Dνb− f−)(x, r)], 0 ≤ r ≤ 1. (22)
Proof. It is straightforward. 
Theorem 3.8. Let f ∈ CF [a, b] ∩ LF [a, b], 0 < ν < 1, a ≤ x ≤ b, if Dνb− f (x) exist and Lebesgue integrable then we state the
equivalent integral form of original fuzzy fractional differential equation Dνb− f (x) = g(x, f (x))with initial condition f0 = f (b) as
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(i) if f is [(i)− ν]-differentiable fuzzy-valued function, then
f (x) = f (b)⊕ 1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt (23)
(ii) if f is [(ii)− ν]-differentiable fuzzy-valued function, then
f (x) = f (b)⊖ −1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt. (24)
Proof. (i).
f (r)− (x) = f (r)− (b)+ 1
Γ (ν)
 b
x
(t − x)ν−1Dνb−(f (r)− )(t)dt,
f (r)+ (x) = f (r)+ (b)+ 1
Γ (ν)
 b
x
(t − x)ν−1Dνb−(f (r)+ )(t)dt.
Here, b− x ≥ 0 for any x ∈ [a, b] and f− ≤ f+, f ′+ ≤ f ′−(x). We observe that
[f (x)](r) =

f (x)(r)− , f (x)
(r)
+

=

f (b)(r)− + 1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)− )(t)dt, f (b)(r)+ +
1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)+ )(t)dt

=

f (b)(r)− , f (b)
(r)
+

⊕ 1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)− )(t)dt,
 b
x
(t − x)ν−1(Dνb− f (r)+ )(t)dt

= (∗).
We get that

Dνb− f
(r)
± , r ∈ [0, 1] are in C([a, b]). Furthermore
(t − x)ν−1(Dνb− f )(r)± (t),
are Lebesgue integrable r ∈ [0, 1]. Thus we get b
x
(t − x)ν−1 ⊙ (Dνb− f )(r)(t) ∈ RF ,
so we have
(∗) = [f (b)]r ⊕ 1
Γ (ν)
 b
x
(t − x)ν−1 Dνb− f  (t)dtr
=

f (b)⊕ 1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt
r
for any r ∈ [0, 1]. Consequently,
[f (x)]r =

f (b)⊕ 1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt
r
.
(ii).
f (r)− (x) = f (r)− (b)− −1
Γ (ν)
 b
x
(t − x)ν−1Dνb−(f (r)− )(t)dt,
f (r)+ (x) = f (r)+ (b)− −1
Γ (ν)
 b
x
(t − x)ν−1Dνb−(f (r)+ )(t)dt.
Here, b− x ≥ 0 for any x ∈ [a, b] and f− ≤ f+, f ′− ≤ f ′+(x). We observe that
[f (x)](r) =

f (x)(r)− , f (x)
(r)
+

=

f (b)(r)− − −1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)+ )(t)dt, f (b)(r)+ −
−1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)− )(t)dt

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=

f (b)(r)− , f (b)
(r)
+

⊖ −1
Γ (ν)
 b
x
(t − x)ν−1(Dνb− f (r)− )(t)dt,
 b
x
(t − x)ν−1(Dνb− f (r)+ )(t)dt

= (∗).
We get that

Dνb− f
(r)
± , r ∈ [0, 1] are in C([a, b]). Furthermore
(t − x)ν−1(Dνb− f )(r)± (t),
are Lebesgue integrable r ∈ [0, 1]. Thus we get b
x
(t − x)ν−1 ⊙ (Dνb− f )(r)(t) ∈ RF ,
so we have
(∗) = [f (b)]r ⊖ −1
Γ (ν)
 b
x
(t − x)ν−1 Dνb− f  (t)dtr
=

f (b)⊖ −1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt
r
for any r ∈ [0, 1]. Consequently,
[f (x)]r =

f (b)⊖ −1
Γ (ν)
⊙
 b
x
(t − x)ν−1 ⊙ (Dνb− f )(t)dt
r
.
This, completes the proof. 
Theorem 3.9. Let f ∈ CF [a, b] ∩ LF [a, b] and 0 < ν < 1,Dνb− f (x) is fuzzy continuous in x ∈ [a, b].
Proof. [14]. 
4. Fuzzy Ostrowski inequality
Theorem 4.1. Let f ∈ CF [a, b] ∩ LF [a, b] and c ∈ [a, b], 0 < ν < 1, then
D

1
b− a ⊙ (FR)
 b
a
f (x)dx, f (c)

≤ 1
b− a
1
Γ (ν + 2)

(c − a)ν+1 sup
t∈[a,c]
D((Dνc− f )(t), 0˜)+ (b− c)ν+1 sup
t∈[c,b]
D((Dνc+ f )(t), 0˜)

.
Proof. Let c ∈ [a, b]. We observe that
D

1
b− a ⊙ (FR)
 b
a
f (x)dx, f (c)

= D

1
b− a ⊙ (FR)
 b
a
f (x)dx,
f (c)
b− a
 b
a
dx

= D

1
b− a ⊙ (FR)
 b
a
f (x)dx,
1
b− a ⊙ (FR)
 b
a
f (c)dx

= 1
b− aD

(FR)
 b
a
f (x)dx, (FR)
 b
a
f (c)dx

≤ 1
b− a
 b
a
D(f (x), f (c))dx
≤ 1
b− a
 c
a
D(f (x), f (c))dx+
 b
c
D(f (x), f (c)dx)

.
for the case [(i)− ν]-differentiable. Notice that f ∈ CF [a, b] ∩ LF [a, b] and c ∈ [a, b], 0 < ν < 1, also
f (x) = f (c)⊕ 1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt
for all c ≤ x ≤ b, and
f (x) = f (c)⊕ 1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt,
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for all a ≤ x ≤ c. For a ≤ x ≤ c we have
D(f (x), f (c)) = D

f (c)⊕ 1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, f (c)

= D

1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt,
 c
x
0˜dt

≤ 1
Γ (ν)
 c
x
(t − x)ν−1D((Dνc− f )(t), 0˜)dt
≤ 1
Γ (ν)
(c − x)ν
ν
sup
t∈[a,c]
D((Dνc− f )(t), 0˜).
So we prove that
D(f (x), f (c)) ≤ (c − x)
ν
Γ (ν + 1) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜), a ≤ x ≤ c.
So,  c
a
D(f (x), f (c))dx ≤ (c − a)
ν+1
Γ (ν + 2) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜),
we also have c ≤ x ≤ b and
D(f (x), f (c)) = D

f (c)⊕ 1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt, f (c)

≤ D

1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt,
 x
c
0˜dt

≤ 1
Γ (ν)
 x
c
(x− t)ν−1D((Dνc+ f )(t), 0˜)dt
≤ (x− c)
ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
Then,
D(f (x), f (c)) ≤ (x− c)
ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜), c ≤ x ≤ b.
So,  b
c
D(f (x), f (c))dx ≤ (b− c)
ν+1
Γ (ν + 2) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
That is, we have proved that
D(f (x), f (c)) ≤ (c − x)
ν
Γ (ν + 1) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜)+
(x− c)ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
So we get in the case ((i)− ν)-differentiable b
a
D(f (x), f (c))dx ≤ (b− c)
ν+1
Γ (ν + 2) supt∈[c,b]D((D
ν
c+ f )(t), 0˜)+
(c − a)ν+1
Γ (ν + 2) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜)
for the case [(ii)− ν]-differentiable. Notice that f ∈ CF [a, b] ∩ LF [a, b] and c ∈ [a, b], 0 < ν < 1, also
f (x) = f (c)⊖ −1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt
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for all c ≤ x ≤ b, and
f (x) = f (c)⊖ −1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt,
for all a ≤ x ≤ c. For a ≤ x ≤ c we have
D(f (x), f (c)) = D

f (c)⊖ −1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, f (c)

= D

1
Γ (ν)
⊙
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 c
x
(t − x)ν−1 ⊙ (Dνc− f )(t)dt,
 c
x
0˜dt

≤ 1
Γ (ν)
 c
x
(t − x)ν−1D((Dνc− f )(t), 0˜)dt
≤ 1
Γ (ν)
(c − x)ν
ν
sup
t∈[a,c]
D((Dνc− f )(t), 0˜).
So we prove that
D(f (x), f (c)) ≤ (c − x)
ν
Γ (ν + 1) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜), a ≤ x ≤ c.
So,  c
a
D(f (x), f (c))dx ≤ (c − a)
ν+1
Γ (ν + 2) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜),
we also have c ≤ x ≤ b and
D(f (x), f (c)) = D

f (c)⊖ −1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt, f (c)

≤ D

1
Γ (ν)
⊙
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt, 0˜

≤ 1
Γ (ν)
D
 x
c
(x− t)ν−1 ⊙ (Dνc+ f )(t)dt,
 x
c
0˜dt

≤ 1
Γ (ν)
 x
c
(x− t)ν−1D((Dνc+ f )(t), 0˜)dt
≤ (x− c)
ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
Then,
D(f (x), f (c)) ≤ (x− c)
ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜), c ≤ x ≤ b.
So,  b
c
D(f (x), f (c))dx ≤ (b− c)
ν+1
Γ (ν + 2) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
That is, we have proved that
D(f (x), f (c)) ≤ (c − x)
ν
Γ (ν + 1) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜)+
(x− c)ν
Γ (ν + 1) supt∈[c,b]D((D
ν
c+ f )(t), 0˜).
So we get the same inequality in the case ((ii)− ν)-differentiable b
a
D(f (x), f (c))dx ≤ (b− c)
ν+1
Γ (ν + 2) supt∈[c,b]D((D
ν
c+ f )(t), 0˜)+
(c − a)ν+1
Γ (ν + 2) supt∈[a,c]D((D
ν
c− f )(t)dt, 0˜). 
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5. Conclusion
Investigating some problems in fractional case under uncertainty have been consideredwidely. To do so, we investigated
the well-known inequality, the so-called fractional Ostrowski inequality under uncertainty. In this regard, the left and the
right fuzzy fractional integrations and differentiation in Caputo sense have been obtained. Then, some useful results are
proved.
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